Abstract. In [3] the authors provided a bound for the palindromic widths of free abelian-by-nilpotent group ANn of rank n and free nilpotent group Nn,r of rank n and step r. In the present paper we study palindromic widths of groups AN n and Nn,r. We denote by Gn = Gn/ x 2 1 , . . . , x 2 n the quotient of group Gn = x 1 , . . . , xn , which is free in some variety by the normal subgroup generated by x 2 1 , . . . , x 2 n . We prove that the palindromic width of the quotient AN n is finite and bounded by 3n. We also prove that the palindromic width of the quotient N n,2 is precisely 2(n − 1). As a corollary to this result, we improve the lower bound of the palindromic width of Nn,r. We also improve the bound of the palindromic width of a free metabelian group. We prove that the palindromic width of a free metabelian group of rank n is at most 4n − 1.
Introduction
Let X be a set of generators of a group G. A reduced word w in the alphabet X ±1 is called a palindrome if w reads the same left-to-right and right-to-left. An element g of G is called a palindrome if g can be represented by some word w that is a palindrome in the alphabet X ±1 . We denote the set of all palindromes in G by P = P(X). Evidently, the set P generates G. Then any element g ∈ G is a product of palindromes g = p 1 p 2 . . . p k .
The minimal k with this property is called the palindromic length of g and is denoted by l P (g). The palindromic width of G is given by pw(G, X) = wid(G, P) = sup g∈G l P (g).
When there is no confusion about the underlying set of generators X, the palindromic width with respect to X is simply denoted by pw(G). In analogy with commutator width of groups, it is an interesting problem to study palindromic width of groups. Palindromes in groups have been investigated by several people and it has already been useful in studying various aspects of combinatorial group theory and geometry, for example see [4, 5] , [7] - [15] , [17] .
Our primary aim in this article is to investigate the following problem: Let G be a group that is free in some variety G of groups. Let G = F n (G) has rank n. Let X = {x 1 , . . . , x n } be a basis of G. Define a group G that is the quotient group of G by the relations x The main motivation for us to ask the Problem 1 was to improve the lower bound of pw(N n,r ). There is an epimorphism from G toG and hence it follows that pw(G, Y ) ≤ pw(G, X), see Lemma 2.1 below. So obtaining precise value of pw(G, Y ) would give a lower bound to the palindromic width of G.
Let N n,r be the free nilpotent group of rank n and of step r. Let X be a basis of N n,r .
Investigation to obtain precise value of the palindromic width of N n,r has been initiated by the authors in [3] . The authors have provided a bound for the palindromic width of N n,r : for n > 1 and r ≥ 2, n ≤ pw(N n,r , X) ≤ 3n, see [3, Theorem 1.1] . For N n,1 and N 2,2 precise values of the palindromic widths were obtained. Further the upper bound was improved for r = 2: pw(N n,2 , X) ≤ 3(n − 1). In this paper we further improve the lower bound of pw(N n,r , X). The key step in this improvement is the calculation of pw( N n,2 , Y ). We prove the following. (
The palindromic width of N n,2 (with respect to the set of generators Y ) is 2(n − 1).
As a corollary to this theorem, we have the improvement of lower bound of pw(N n,r , X). Corollary 1. Let N n,r be the r-step free nilpotent group of rank n ≥ 2. Then (1) For n > 1 and r ≥ 3,
For the group N 3,2 , we have proved something more.
In N 3,2 the only element that can not be expressed as a product of three palindromes is z 21 z 31 z 32 . Moreover, l P (z 21 z 31 z 32 ) = 4.
We recall that a group G is boundedly generated if there exist a 1 , . . . , a k ∈ G such that every element can be expressed as a n1 1 . . . a n k k for some integers n 1 , . . . , n k , for eg. see [6, 20] . Note that there are free metableian groups those are not boundedly generated. The authors [3] and, Riley and Sale [19] have independently established the finiteness of palindromic width of free metabelian groups using different techniques. The authors actually proved a stronger result: any free abelian-by-nilpotent group of rank n has palindromic width at most 5n, cf. [3, Section 3.4] . In particular, it follows that pw(M n , X) ≤ 5n. We further improve this bound in this article. Theorem 1.3. Let M n be a free metabelian group of rank n. Then
We also investigate Problem 1 for free abelian-by-nilpotent groups. This lead to further examples of finitely generated groups which are not boundedly generated but have finite palindromic width. Theorem 1.4. (i) Let AN n be a free abelian-by-nilpotent group of rank n. Then for n ≥ 2, n ≤ pw( AN n , Y ) ≤ 3n.
(ii) Further, for a free metabelian group M n of rank n we have, n ≤ pw( M n , Y ) ≤ 3n − 1.
After reviewing some preliminary results in Section 2, we prove Theorem 1.1 in Section 3. The Section 4 is devoted to the proof of Proposition 1.2. In Section 5, we investigate palindromic width of G for G free abelian-by-nilpotent. We prove Theorem 1.3 and Theorem 1.4 in this section.
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Preliminaries

Palindromes in Groups.
In this Section we collect results that will be useful for us.
Lemma 2.1.
[3] Let G = X and H = Y be two groups, P(X) is the set of palindromes in the alphabet X ±1 , P(Y ) is the set of palindromes in the alphabet
Lemma 2.2. [3, Lemma 2.4] Let G = X be a group generated by a set X. Then the following hold.
(1) If p is a palindrome, then for m in Z, p m is also a palindrome. (2) Any element in G which is conjugate to a product of n palindromes, n ≥ 1, is a product of n palindromes if n is even, and of n + 1 palindromes if n is odd. 
2.2. Free Nilpotent Groups. Let N n,r be the free r-step nilpotent group of rank n with a basis x 1 , . . . , x n . For example, when r = 1, N n,1 is simply the free abelian group generated by x 1 , . . . , x n , so every element of N n,1 can be presented uniquely as
for some integers α 1 , . . . , α n . For r = 2, every element g ∈ N n,2 has the form
for some integers α i and β ij , where
For the free nilpotent group N n,r , let N ′ n,r be its commutator subgroup. We note the following lemmas that will be used later. 
Lemma 2.5. [3, Corollary 1] The following inequalities hold:
we have found normal form for palindromes in N 2,2 . In this subsection we will find normal form for palindromes in N n,2 , n ≥ 2.
Lemma 2.6. Every palindrome p ∈ N n,2 has the form
Proof. Any palindrome in N n,2 by definition is equal to
is its reverse word. Let
be an arbitrary element in N n,2 . Then
whereū,z are the reverse words of u, z respectively.
Using the rules x
we can remove elements x αi i in the product ux α iū to the center and cancel the commutators, see [3, Section 3.2] and we see that
This completes the proof.
Using this Lemma we find the normal form for palindromes in N n,2 . Proposition 2.7. There are n different types of palindromes in N n,2 that can be written in the following normal forms.
. . .
Proof. We give a proof for the case p j , 2 ≤ j ≤ n − 1. The cases p 1 and p n are similar and simpler. By Lemma 2.6 we have 
Represent the expression in the brackets in the normal form
We see that this expression is equal to the needed formula.
3. Proof of Theorem 1.1
Now consider the group N n,r = N n,r / x
In this Section we prove:. Theorem 1.1.
(1) For n, r ≥ 2, n ≤ pw( N n,r ) ≤ 2n. (2) The palindromic width of N n,2 is 2(n − 1).
The first part of this Theorem follows from the following assertion.
Lemma 3.1. For n, r ≥ 2, n ≤ pw( N n,r ) ≤ 2n.
Proof. We proved in [3] that pw( N n,1 ) = n. Hence, the left hand side inequality holds.
We claim that any element g in N n,r , r ≥ 2, can be represented in the form
. We shall use induction on r. If r = 2 and g ∈ N n,2 then it follows from Lemma 2.4 that
. . , n, lie in the center of N n,2 . Hence
has the required form. Let the result holds for groups N n,r . We claim that the result also holds for N n,r+1
. . . [a n , y n ], for some a i ∈ γ r ( N n,r+1 ).
Since all [a i , y i ] lie in the center of N n,r+1 , hence Lemma 3.2. Any element in N n,2 , n ≥ 2 is a product of at most 2(n − 1) palindromes.
To prove that the palindromic width of N n,2 is at least 2(n − 1), it is enough to find some element in N n,2 that can not be represented as a product of less than 2(n − 1) palindromes. To do this we introduce some notations. Let
is the set of all basis commutators of weight 2 in N n,2 . Any palindrome in N n,2 has a normal form that is the image of the normal forms of palindromes of N n,2 obtained in Proposition 2.7. We shall use the same symbol p 1 , p 2 , . . . , p n to denote the normal forms in N n,2 . We have
, . . .
If w ∈ N n,2 is some element that is represented in the normal form, then denote by b(w) the set of basis commutators of weight 2 those are in this normal form. For example
If w 1 , . . . , w k ∈ N n,2 are represented in the normal form, then denote
(1) b(p 1 , . . . , p n ) = Bas n .
Proof. (1) follows from the fact that any basic commutator z kl , 1 ≤ l < k ≤ n appeared in p j , 1 ≤ j ≤ n.
(2) Note that any commutator z kl is contained in the normal forms p k and p l . Hence if we remove b(p i ) from b(p 1 , . . . , p n ), then we will have all commutators of Bas n .
(
Lemma 3.4. The element g = 1≤l<k≤n z kl in N n,2 can not be written as a product of less than 2(n − 1) palindromes.
Proof. We see that b(g) = Bas n . Hence to represent g as a product of palindromes, we must take at least n − 1 different types of palindromes. Suppose that g = q 1 . . . q s , n − 1 ≤ s < 2(n − 1) is a product of s palindromes. Since at least n − 1 types of palindromes are included in this product and s < 2(n − 1), there is a palindrome of some type that appears only one time in the product. Without loss of generality, we can assume that it is the palindrome of type p 1 , say,
Then the product g = q 1 , . . . , q s does not lie in the commutator subgroup N ′ n,2 , since in the normal form it contains element y 1 . This is a contradiction. Hence g can not be written as a product of less that 2(n − 1) palindromes.
3.0.2. Proof of the second part of Theorem 1.1.
Proof. We have already proved earlier that pw( N n,2 ) ≤ 2(n − 1). It follows from Lemma 3.4 that there exists at least one element in N n,2 whose palindromic length is at least 2(n − 1). Thus pw( N n,2 ) ≥ 2(n − 1).
Proof of Corollary 1.
Proof. There is an onto homomorphism from N n,2 onto N n,2 . Hence pw( N n,2 ) ≤ pw(N n,2 ) by Lemma 2.1. The corollary now follows from Lemma 2.5 and [3, Theorem 1.1].
Proof of Proposition 1.2
It follows from Proposition 2.7 that palindromes in N 3,2 are of the following form:
In the following, for simplicity, we denote the palindromes of the form (4.1), (4.2) and (4.3) by p 1 , p 2 and p 3 respectively forgetting the subscripts. When we write a product, for eg. p 1 p 1 p 1 , it should be understood that each p 1 is a palindrome of the type (4.1) but not necessarily with the same subscript unless it is mentioned otherwise. The rest of this Section will be devoted to the proof of Proposition 1.2.
From Lemma 3.4 follows lemma.
The element g = z 21 z 31 z 32 in N 3,2 has palindromic length l P (g) is equal 4.
Proof. From Lemma 3.4 follows that l P (g) ≥ 4. On the other hand, note that
Thus g can be expressed as a product of four palindromes.
Note that any element w of N 3,2 has the form
If |w| = 1 then l P (w) ≤ 2, since, any commutator z ij is a product of two palindromes. Let |w| = 2, then we have 15 possibilities for (a 1 , a 2 , a 3 , b 1 , b 2 , b 3 ) , where each of the a i and b i is either 0 or 1. For simplicity of notation we identify the 6-tuple (a 1 , a 2 , a 3 , b 1 , b 2 , b 3 ) with the binary word a 1 a 2 a 3 b 1 b 2 b 3 and write down the 15 possibilities below: 110000, 101000, 100100, 100010, 100001, 011000, 010100, 010010, 010001, 001100, 001010, 001001, 000110, 000101, 000011.
In the first twelve cases we have a product of two generators or a product of one generator and a commutator. The palindromic length of this product is ≤ 3. In the last three cases we have:
000110 After rearranging terms and simplification we get:
110010 : w = y 1 y 2 z 31 = z 31 y 1 y 2 = y 3 y 2 y 3 · y 2 .
110001 : w = y 1 y 2 z 32 = y 1 z 32 y 2 = y 1 · y 3 y 2 y 3 ; 101100 : w = z 21 y 1 y 3 = y 2 y 1 y 2 · y 3 . 101010 : w = y 1 y 3 z 31 = y 3 y 1 ; 101001 : w = y 1 y 3 z 32 = y 1 · y 2 y 3 y 2 . 100110 : w = y 1 z 21 z 31 = z 21 y 1 z 31 = y 2 y 1 y 2 y 1 · y 1 · y 3 y 1 y 3 y 1 = y 2 y 1 y 2 · y 3 y 1 y 3 · y 1 .
100101 : w = y 1 z 21 z 32 = z 32 z 21 y 1 = y 3 y 2 y 3 · y 1 · y 2 . 100011 : w = y 1 z 31 z 32 = z 31 y 1 z 32 = y 3 y 1 · y 2 y 3 y 2 . 010110 : w = y 2 z 21 z 31 = y 1 y 2 y 1 · y 3 y 1 y 3 · y 1 . 010101 : w = y 2 z 21 z 32 = y 1 y 2 y 1 · y 3 y 2 y 3 · y 2 .
010011 : w = z 31 z 32 y 2 = y 3 y 1 y 3 · y 1 · y 3 y 2 y 3 . 001110 : w = z 21 y 3 z 31 = y 2 y 1 y 2 · y 3 y 1 . 001101 : w = z 21 y 3 z 32 = y 2 y 1 y 2 · y 1 · y 2 y 3 y 2 . 001011 : w = y 3 z 31 z 32 = y 1 y 3 y 1 · y 3 y 2 y 3 · y 2 . Thus we see that in each of the above cases, w is a product of at most three palindromes. We have after rearranging terms and simplification, 111100 : w = y 1 y 2 y 3 z 21 = y 1 y 2 z 21 y 3 = y 1 y 2 y 2 y 1 y 2 y 1 y 3 = y 2 y 1 y 3 .
110110 : w = y 1 z 21 z 31 = z 31 y 1 y 2 z 21 = y 3 y 1 y 3 · y 1 y 2 y 1 . 101110 : w = y 1 y 3 z 21 z 31 = z 21 y 1 y 3 z 31 = y 2 y 1 y 2 · y 1 y 3 y 1 . 011110 : w = y 2 z 21 y 3 z 31 = y 1 (y 2 y 3 )y 1 ; 111001 : w = y 1 y 2 y 3 z 32 = y 1 y 3 y 2 .
110101 : w = y 1 y 2 z 21 z 32 = y 2 y 1 · y 3 y 2 y 3 y 2 = y 2 y 1 y 2 · y 2 y 3 y 2 y 3 y 2 . 101101 : w = z 21 y 1 y 3 z 32 = y 2 y 1 y 2 · y 2 y 3 y 2 . 011101 : w = y 2 z 21 y 3 z 32 = y 1 y 2 y 1 ·y 2 y 3 y 2 ; 110011 : w = z 31 y 1 z 32 y 2 = y 3 y 1 y 2 y 3 = y 3 y 1 y 3 ·y 3 y 2 y 3 .
101011 : w = z 31 y 1 y 3 z 32 = y 3 y 1 y 3 · y 2 y 3 y 2 ; 011011 : w = z 31 y 1 z 32 z 21 = y 3 y 1 y 3 · y 3 y 2 y 3 · y 1 y 2 y 1 .
010111 : w = y 2 z 21 z 31 z 32 = y 1 y 2 y 1 · y 3 y 1 y 3 y 1 y 3 · y 2 y 3 y 2 .
001111 : w = y 3 z 21 z 31 z 32 = z 21 y 3 z 31 z 32 = y 2 y 1 y 2 · y 3 y 1 y 3 · y 2 y 3 y 2 .
Thus we see that in each of the above cases w is a product of at most three palindromes.
Let |w| = 5. There are six possibilities and after rearranging terms and simplification we have:
111110 : w = y 1 y 2 y 3 z 21 z 31 = y 1 y 2 z 21 y 3 z 31 = y 2 y 3 y 1 .
111101 : w = y 1 y 2 y 3 z 21 z 32 = y 1 y 2 z 21 y 3 z 32 = y 2 y 1 y 2 · y 3 y 2 .
111011 : w = y 1 y 2 y 3 z 31 z 32 = y 1 z 31 y 2 y 3 z 32 = y 1 y 3 y 1 · y 3 y 1 y 3 · y 2 .
110111 : w = y 1 y 2 z 21 z 31 z 32 = y 2 y 1 z 31 z 32 = z 32 y 2 y 1 z 31 = y 3 y 2 y 3 · y 1 y 3 y 1 y 3 y 1 .
101111 : w = y 1 y 3 z 21 z 31 z 32 = y 1 y 3 z 31 z 32 z 21 = y 3 y 1 z 32 z 21 = y 3 z 32 z 21 y 1 = y 2 y 3 y 2 · y 2 y 1 y 2 .
011111 : w = y 2 y 3 z 21 z 31 z 32 = z 21 z 31 y 2 y 3 z 32 = y 3 y 1 x 3 x 1 y 3 · y 1 y 2 y 1 .
Thus w is a product of at most three palindromes.
Let |g| = 6. Then the only possibility is 111111 and we have w = y 1 y 2 y 3 z 21 z 31 z 32 = y 1 y 2 z 21 y 3 z 31 z 32 = y 2 · y 3 y 1 y 3 · y 2 y 3 y 2 .
Thus we have shown that all but g = z 21 z 31 z 32 in N 3,2 can be written as a product of at most three palindromes. From Lemma 4.1 it follows that the element g is the only element whose palindromic length is 4. This proves Proposition 1.2.
5. Palindromic Width of Some Abelian-By-Nilpotent Groups 5.1. Palindromic Width of a Metabelian Group. In [3] , we proved that if AN n is a free abelian-by-nilpotent group with basis X = {x 1 , . . . , x n }, then n ≤ pw(AN n , X) ≤ 5n. To prove this we used the following representation of elements of AN n that follows from [2, Theorem 2].
Theorem 5.1. Let AN n = x 1 , . . . , x n be a non-abelian free abelian-by-nilpotent group of rank n. Let A be an abelian normal subgroup of AN n such that AN n /A is nilpotent. Then every element g ∈ AN n can be expressed as:
an for u 1 , . . . , u n ∈ AN n and a 1 , . . . , a n ∈ A, α 1 , . . . , α n ∈ Z.
Evidently, every metabelian group is an abelian-by-nilpotent group. However, for finitely generated metabelian groups, this provides a better upper bound. Proof. Let h ∈ γ 2 (M n ). Using the fact that γ 2 (M n ) is abelian, we let in Theorem 5.1 A = γ 2 (M n ). Hence h has the form
Hence every g ∈ M n has the form:
. So, g can be written as
This proves the result. Proof. (i) We have N n,1 = Z 2 × . . . × Z 2 (n-times). We see that there is a homomorphism AN n → N n,1 . Now the left-side of the inequality follows from the fact pw( N n,1 ) = n, see [3] for a proof of this fact. To prove the right-hand side inequality, write any element g ∈ AN n in the form g = y where for i = 1, . . . , n, ǫ i ∈ {0, 1}, g i ∈ AN n and a i ∈ A; here A is the image of A under the homomorphism AN n → AN n . Such a representation of g follows from Theorem 5.1. By Lemma 5.2, for i = 1, . . . , n, [g i , y i ] ai is a product of 2 palindromes. Hence g is a product of at most n + 2n = 3n palindromes. This proves the first part of the theorem. This proves the result.
